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The Taylor–Couette flow between coaxial cylinders with a rotating inner cylinder is a key tool for achieving 

process intensification. However, this flow system exhibits multistability. For example, the number of Taylor cells 

formed stochastically depends on the hysteresis and start-up operations in the steady state. To address this 

issue from a practical perspective, the development process from the start of inner cylinder rotation was 

investigated using numerical simulations. Two types of fluids, Newtonian and shear-thinning fluids were used. 

First, it was confirmed that the number of Taylor cells obtained by the simulation agreed with that having the 

highest probability in the experiments. In addition, the cell size with shear thinning was larger than that of the 

Newtonian fluid. This is primarily due to the merging of the distorted cell, which is transiently formed, adjoining 

the end cell. Furthermore, the number of Taylor cells in a steady state with various angular accelerations was 

tested. Consequently, it was inferred that the number of cells is affected not only by the steady-state time, but 

also by the function type of the angular acceleration with time. 

1. Introduction 

Continuous reactors with both excellent mixing performance and narrow residence time distribution (e.g., slug 

flow reactor (Iwamura et al., 2020) and oscillatory baffled reactor (Avila et al., 2022)) have been attracting 

attention for achieving process intensification. A Taylor–Couette flow, which is the flow between coaxial 

cylinders with a rotating inner cylinder, is also suitable for realizing this process intensification. Owing to the 

toroidal motion in a Taylor cell, mixing and heat/mass transfer are both enhanced. In addition, each cell moves 

in a single file without causing a breakdown when a relatively small axial flow is introduced. Thus, continuous 

operation with a narrow residence time distribution is possible. Based on these features, the Taylor–Couette 

flow has been applied to various chemical processes, such as polymerization (Kataoka et al., 1995), catalytic 

reactions (Behr and Färber, 2015), and enzymatic reactions (Masuda et al., 2013; Masuda et al., 2017a; 

Matsumoto et al., 2020).  

From a practical perspective, the structure of Taylor cells is one of the most important factors because the 

cellular structure affects heat and mass transfer performance. According to Ohmura et al. (1998), the axial mass 

transfer through the boundaries between Taylor cells depends on the vortex height (termed “axial wavelength”), 

, and Reynolds number, Re. In particular, they reported that for local mass transfer, the axial wavelength is 

one of the important parameters. Subsequently, Nemri et al. (2016) summarized the effect of axial wavelength 

on axial mass transfer using numerical simulations and experiments. Thus, control of the cellular structure is 

one of the fundamental issues for the application of the Taylor–Couette. This issue is closely related to the 

multistability of the Taylor–Couette flow, owing to the hysteresis of the flow, determined by the start-up operation. 

Kataoka (1999) showed that the highest probability of the number of Taylor cells formed in the entire region of 

the system can be controlled by the angular acceleration of the inner cylinder, , even though the number of 

Taylor cells formed is stochastic. In other words, the structure of the Taylor cell is primarily determined by the 

angular acceleration of the inner cylinder.  
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To accurately reproduce the flow field of a Taylor–Couette flow, the relationship between the angular 

acceleration of the inner cylinder and axial wavelength of the Taylor cell must be understood. However, 

investigations on multistability are limited to Newtonian fluid systems. For chemical engineers, knowledge of 

non-Newtonian fluids is valuable because most fluids used in the chemical industry exhibit non-Newtonian 

properties. Nevertheless, the multistability of non-Newtonian fluids (e.g., the effect of start-up operation on the 

flow state) remains unclear. 

Therefore, in this study, the development process of Taylor cells for various Re values was simulated using 

computational fluid dynamics (CFD) to initiate the investigation of the multistability of non-Newtonian fluids. As 

a non-Newtonian fluid, a shear-thinning fluid was selected owing to its frequent use in chemical industries. In 

this simulation, a sudden start (i.e., infinite angular acceleration of the cylinder) was conducted. Additionally, 

five types of acceleration patterns were imposed on a specific case to demonstrate the multi-stability of shear-

thinning fluids. 

2. Numerical simulation 

The computational domain is shown in Figure 1. The radii of the inner and outer cylinders, Ri and Ro, were 

0.0125 m and 0.0175 m, respectively. The length of the cylinder, L, was 0.15 m. Geometrical parameters 

including the gap width, d, radius ratio, , and aspect ratio, , are tabulated in Table 1. Considering the boundary 

condition for the velocity, the velocity at the inner cylinder surface in the circumferential direction was assumed 

to be Ri ( is the angular velocity of the inner cylinder). The remaining surfaces were regarded as stationary 

walls. With respect to pressure, a zero gradient was imposed on all surfaces. 

 
Figure 1: Computational domain 

Table 1: Geometrical parameters for the computational domain 

Ri [m] Ro [m] d (= Ro – Ri) [m] L [m]  (= Ri / Ro) [–]  (= L / d) [–] 

0.0125 0.0175 0.005 0.15 0.71 15 

 

The governing equations for the fluid flow are the conservation equations for mass and momentum, given in 

Eqs. (1) and (2), respectively: 

∇ ∙ 𝐮 = 0 (1) 

𝜕𝐮

𝜕𝑡
+ (𝐮 ∙ ∇)𝐮 = −

𝛻𝑃

𝜌
+
1

𝜌
∇ ∙ (2𝜂𝐃) + 𝐠 (2) 

where u is velocity; t is time; P is pressure;  is the density;  is the viscosity; D is the deformation rate tensor, 

defined by (u + uT) / 2; and g is the gravitational acceleration. 

 
Figure 2: Rheological properties of fluids used in this study 

 

In this study, two types of fluids were used: Newtonian and shear-thinning. The rheological properties of these 

two fluids are shown in Figure 2. To characterize the rheological properties, the Carreau model (Carreau, 1972) 

shown in Eq. (3) was used. 

𝜂 = 𝜂0[1 + (𝛽 ∙ �̇�)2](𝑛−1)/2 (3) 
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where 0 is the zero shear-rate viscosity;  is the characteristic time; �̇� is the shear-rate, defined as �̇� = √2𝐃:𝐃; 

nis the power-law exponent. The value of  determines the shear-rate at which viscosity begins to decrease. If 

the value of  is too small, the shear-thinning behavior will not appear. In this study, the value of  was set to 10 

s to allow the emergence under a moderate shear-rate flow such as the Taylor–Couette flow. For the value of 

n, which expresses the degree of viscosity decrease, the condition n = 0.5 was selected as the moderate shear-

thinning fluid. It was noted that n = 1 corresponds to a Newtonian fluid. 

Owing to the dependence of the viscosity on the shear rate, the definition of Re is complicated in shear-thinning 

fluids. For practicality, the effective Re, Reeff, is defined using the effective viscosity, eff, which corresponds to 

the effective shear-rate, �̇�eff. In this study, �̇�eff was calculated using the empirical equation proposed by Masuda 

et al. (2017b) as follows: 

�̇�eff = (77.05𝑛0.32𝜀2 − 88.73𝑛0.31𝜀 + 26.85𝑛0.21)𝜔 (4) 

The estimated �̇�eff is then substituted to the �̇� term in Eq. (3) to obtain eff. Finally, Reeff was calculated using 

eff. 

For the simulation, OpenFOAM®4.1 code based on a finite volume method was utilized. The Crank-Nicolson 

scheme was used for time advancement. A second-order central difference was applied to the viscous and 

convective terms. The time step was determined by maintaining the Courant number below 0.4. The numerical 

procedure was identical to that used in previous studies by the authors. The simulation code has been validated 

in previous studies (Masuda et al., 2017b, Masuda et al., 2019). Therefore, in this section, only the mesh 

resolution is verified. Figure 3 indicates the mesh system for shear-thinning fluid with the axial distribution of the 

velocity component in the axial and circumferential directions, uz and u, along the center line of the gap at Re / 

Recr = 2.0 after 2 s from the sudden start of rotation of the inner cylinder for three mesh system types. The 

number of hexahedral grids 24 × 96 × 72 (system1), 36 × 144 × 108 (system2), and 48 × 192 × 144 (system3) 

in radial, circumferential, and axial directions, respectively. Noted that Recr is the critical Re, at which, Taylor 

vortex flow starts to appear. From the analysis of the linear stability theory by Taylor (1923), Recr for the geometry 

in this study ( = 0.71) is 82.2. As shown in Figure 3, there was no clear difference in the results of system2 and 

system3. Therefore, to reduce the simulation time, the mesh “system2” was selected. 

 
Figure 3: Effect of mesh system on simulation results: (a) circumferential velocity and (b) axial velocity 

3. Results and discussion 

It is necessary to determine which of the obtained solutions is in a stable state. To date, this issue has not been 

investigated despite the long history of Taylor–Couette flow problem studies. Thus, the number of Taylor cells 

formed at steady state, N, was compared between the experimental and simulated results. Data reported by 

Kataoka (1999) were used to obtain the experimental results. The geometry used in the study by Kataoka (1999), 

 = 0.70 and  = 22, was different from that used in this study. Therefore, only for this comparison, a geometry 

of  = 0.70 and  = 22 was used for the simulation. According to Kataoka (1999), at Re / Recr = 12.0, N = 20 is 

the highest probability after the sudden rotation of the inner cylinder (i.e.,  = ∞ rad/s2). In the simulation under 

the same conditions, a value of N = 20 (10 pairs of Taylor cells) was obtained at a steady state. Thus, the highest 

probability state among the multi-stability states was selected for the numerical simulation as well. 

Figure 4 shows the effect of Re / Recr or (Reeff / Recr) on the number of cells in the steady state for Newtonian 

and shear-thinning fluids. For both fluids, the number of Taylor cells decreases with increasing Re / Recr. This 

relationship is because the merging of Taylor cells during development was induced by an increase in Re. In 

addition, at each Re / Recr, the number of Taylor cells in the shear-thinning fluid was smaller than that in the 

Newtonian fluid. This tendency indicates that the cell size of the shear-thinning fluid was larger than that of the 

Newtonian fluid. Although an increase in cell size for shear-thinning fluids has been pointed out by several 

researchers (e.g., Escudier et al, 1995; Masuda et al., 2019), the detailed mechanism by which it occurs remains 

unclear. To discuss the cellular structure in more detail, the axial wavelength of the cell, which was normalized 

by the gap width (d) at each Re / Recr is shown in Figure 5. Note that the size of “a pair of Taylor cells” instead 
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of the cell size is shown in Figure 5 (b). It is well known that the end cell, sometimes called the Ekman cell, is 

larger than the internal cells, owing to the Ekman boundary. For Newtonian and shear-thinning fluids, the sizes 

of both the cells (end and internal cells) increased with Re / Recr. In addition, as described above, both sizes 

(end and internal cells) of the shear-thinning fluid were larger than those of the Newtonian fluid. In particular, 

the difference in cell size between the Newtonian and shear-thinning fluids was slightly clearer for the end cell 

than for the internal cells. In other words, in the shear-thinning fluid systems, the increase in the end cell size 

resulted in a decrease in the number of Taylor cells. Therefore, it can be inferred that shear-thinning affects the 

development of the end cell and its neighboring cells. 

 

Figure 4: Effect of Re / Recr or (Reeff / Recr) on the number of cells at the steady state for Newtonian and shear-

thinning fluids 

 

Figure 5: Effect of Re / Recr or (Reeff / Recr) on cell size: (a) size of the end cell adjacent to the end wall and (b) 

averaged axial wavelength of the internal cells 

Figure 6 shows the development process for the velocity vector of the Taylor–Couette flow, focusing on the end 

cell and neighboring cells at Re / Recr = 7.0 for (a) Newtonian and (b) shear-thinning fluids. In this figure, the 

color contours indicate the velocity magnitude distribution for the Newtonian fluid and the viscosity distribution 

for the shear-thinning fluid. In both systems, the end cell was the first to appear. At the end of the cell 

development, differences in the development process of the internal cells were observed. In the Newtonian fluid, 

a small vortex adjacent to the end cell smoothly developed towards the outer cylinder surface. Subsequently, 

internal vortices developed sequentially. By contrast, the smooth development of the outer cylinder surface was 

prevented by the viscosity distribution in the radial direction (the viscosity increased along the radius to the outer 

cylinder surface). In addition, at t = 0.70 s, the axial wavelength of the cell adjoining to the end cell was quite 

small compared to the gap width, i.e.,  / d << 1. This distorted cell was unstable, leading to its merging with the 

end cell. Consequently, a larger end cell was formed. It can be concluded that, in the shear-thinning fluid, 

merging the transiently formed distorted cell adjacent to the end cell with the original end cell caused an increase 

in the end cell size, accompanied by larger internal cells compared with the Newtonian fluid system. 

Finally, the multistability of the shear-thinning fluid under various startup operations was preliminarily 

investigated. As shown in Figure 7, the five types of time-dependent angular acceleration of the inner cylinder 

up to  = 45.7 rad/s were used: 1 = ∞ rad/s2, 2 = 9.17t rad/s2, 3 = 4.57t rad/s2, 4 = 0.37t3 rad/s2, and 5 = 

26.73t1/3 rad/s2. After the value of  reaches 45.7 rad/s2, the simulation was conducted at a constant  until t = 

20 s. In all cases,  reached 45.7 rad/s2 at t = 5 or 10 s. The condition  = 45.7 rad/s2 corresponds to Reeff / 

Recr = 7.0. The number of Taylor cells at t = 20 s for each angular acceleration is listed in Table 2. As summarized 

in Table 2, the number of cells N varies widely from 10 to 16, depending on the angular acceleration. In particular, 

the number of cells for condition 4 was different from those for conditions 2 and 5, despite having the same 

acceleration time (5s). This result suggests that not only the time for the steady state, but also the type of 
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function of angular acceleration with time is important. Thus far, the effect of the nonlinear angular acceleration 

on the number of cells has been investigated. Therefore, in the future, multistability with nonlinear angular 

acceleration should be investigated in more detail. 

 
Figure 6 Development process for the velocity vector of Taylor–Couette flow focusing on the end cell and 

neighboring cells at Re / Recr = 7.0 for (a) Newtonian and (b) shear-thinning fluids. The color contours show (a) 

magnitude of velocity and (b) viscosity. 

 

 
Figure 7  with respect to five types of angular acceleration () 

Table 2: Number of Taylor cells for shear-thinning fluid at steady state with various angular acceleration at 

Reeff / Recr = 7.0 

 1 2 3 4 5 

N [–] 10 14 12 16 14 

4. Conclusions 

This study numerically investigated the development process of Taylor–Couette flow with Newtonian and shear-

thinning fluids to understand the multistability problem from a practical viewpoint. The following conclusions 

were deduced: 

1. The number of Taylor cells obtained from the numerical simulations agreed with the number from the 

experiments. Thus, the solution obtained by the numerical simulation corresponds to the selection of the 

highest probability state in the experiments. 

2. The cell size (i.e., axial wavelength) in a shear-thinning fluid system is larger than that in a Newtonian fluid 

system because of the more complicated development process of Taylor cells. However, in the future, a 

dependence of rheological parameters on the cell structure should be investigated in more detail. 

3. The development with nonlinear angular acceleration showed a wide variation in the number of Taylor cells 

formed in the annular space. Therefore, more accurate control of the structures of Taylor cells is expected. 
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Nomenclature

d – gap width, m 

D – rate of deformation tensor, 1/s 

g – gravitational acceleration. m/s2 

L – cylinder length, m 

n – power-law exponent, constant 

N – number of Taylor cells, constant 

P – pressure, Pa 

Re – Reynolds number, constant 

Recr – critical Reynolds number, constant 

Reeff – effectiveReynolds number, constant 

Ri – inner cylinder radius, m 

Ro – outer cylinder radius, m 

t – time, s 

u – velocity/ m/s 

uz – axial velocity/ m/s 

u – circumferential velocity/ m/s 

z – axial coordinate, m 

 – angular acceleration, rad/s2 

 – characteristic time, s 

 – radius ratio, constant 

γ̇ – shear-rate, 1/s 

γ̇eff– effective shear-rate, 1/s 

 – aspect ratio, constant 

eff – effective shear-rate viscosity, Pa·s 

0 – zero shear-rate viscosity, Pa·s 

 – infinite shear-rate viscosity, Pa·s 

 – axial wavelength of Taylor cell, m 

E – axial wavelength of end cell, m 

eff – axial wavelength of internal cell, m 

 – angular velocity, rad/s 
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