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This contribution focuses on comprehensive input data analysis prior to the application of complex network flow 
models. Network flow models are composed of vertices interconnected by edges, the number of which is 
dependent on particular problem studied. Any quantitative data in vertices may contain inaccurate information. 
The article is intent on computational system for simulation and forecasting in waste management incomplete 
data problems. The article introduces enhancements to the mathematical model of previously published tool 
and its elements. The focus is put on the suitable choice of weights for all input forecasting models and territorial 
divisions of relevant regions. Another model improvement is based on the support of adding new constraints 
that link multiple types of waste. The next part of article concentrates on forecasting of waste production by the 
application of the advanced model.  The case study focused on the estimation of trends in data for municipal 
waste and composition of residual municipal solid waste in the Czech Republic is presented as well. 

1. Introduction

Nowadays, there is an ongoing transformation of the implementation of waste management related law and 
principles in many countries of the EU. Possible division of EU countries into three groups according to the 
current level of the waste management maturity and according to the current challenges that these countries 
must face (diversion from landfilling, higher recovery rates, etc.) is described and discussed in Šomplák et al. 

(2014). There have been several modelling approaches developed, mostly based on mathematical 
programming, created in order to take into account interactions that occur in the tasks associated with the 
collection and processing of the waste Ghiani et al. (2014). The complex problem statement describing the 
competitive environment in the field of the waste management was presented in Šomplák et al. (2015). The 
effective approach for solving waste management challenges in non-EU countries is detailed in Santibañez-
Aguilar et al. (2014). Nga et al. (2013) enriched the discussion on the economic aspects with the analysis of 
environmental impacts of waste-to-energy (WTE). The above mentioned articles represent different applications 
of so called supply chain modelling approach. Regarding the decision support of effective planning in the waste 
management area, among the recent major challenges we can find these related to incomplete input data and 
varying quality of the forecasts. Typically there is a waste production (of different types of waste) specified for 
all nodes that are included in the supply chain model. In case the supply chain is used for stable infrastructure 
planning (e.g., for allocation of waste processing units), there is a need to work with forecasts of the waste 
production, as well as, other input parameters. An interesting methodology for the modeling of future production 
of electrical waste has been introduced in Wang et al. (2013). This article introduces several possible 
approaches for creating the model of production. The idea that every approach may provide valuable information 
is considered. Thus the model which takes into account several kinds of available data on the production of 
electro waste was designed. However, the problem of dealing with multiple available models forming different 
input parameter values is general. Therefore, this article describes the original method how to deal with the 
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problem of different input data generated by various models for the same location. An introduced computational 
tool allows taking into account all the available forecasting models and maximises the important outcome 
information to determine the final amount of waste that will be used in the calculation. Moreover, there is also 
considered: (1) hierarchical territorial division (region is divided into subregions and furthermore in their parts) 
and (2) the ability to add relations between the different types of waste (e.g. the more waste is separated, the 
less residual waste is available). From the mathematical point of view, the designed and implemented model is 
in the form of a mathematical program, which is based on finding a compromise between results obtained from 
various models forecasting the waste production. The computational tool implementing this mathematical 
program and related models was named Justine. The main idea and the initial demonstration of its application 
was presented in the article Zavíralová et al. (2015). The specific goal is to find a compromise between the 
available data sets with data often distorted by errors for certain nodes or completely missing for other nodes. 
In addition, mass balances within the territorial hierarchy must be met (the sum of waste production in areas of 
lower level of the hierarchy (subregion) must be equal to the waste production of higher level of hierarchy 
(region)). These additional equalities have to apply not only to historical data but also to forecasts, see model 
(1) in section 3. The need to deal with the differences between the measured values and the balance relations 
arising from mass and energy conservation law have already been used e.g. in article Farsang et al. (2014) 
focusing on the monitoring of energy consumption in chemical processes. Here Farsang only detects potential 
operational problems coming from the difference in measurement values, which are remote from the balance 
model. In this article, the method for update of inaccurate data for the waste management area based on the 
current balance of relations is presented. In the field of waste management a number of articles deal with the 
waste production forecasts for detailed time steps (e.g. Noori et al. 2009 in time steps of one week). The 
extensive data processing for the purpose of predicting the waste production in Finland is described in Korhonen 
et al. (2015). Obviously, socio-economic factors can significantly affect the amount of the generated waste. For 
example, the influence of tourism on the production of waste is discussed in Arbulú et al. (2015). Each of these 
approaches is interesting and has its strengths and weaknesses and it provides valuable information that may 
be relevant to the production estimate in the individual region. In our case of the use of multiple methods to 
estimate the generation of waste, it is also necessary to deal with various inconsistencies of individual 
forecasting models from the expert’s point of view. Therefore, the presented optimisation tool Justine working 
with different models and related forecasts and estimates allows assignment of different weights by the experts 
who check their validity and credibility. 
The tool Justine, presented in Zavíralová et al. (2015), described data tuning and generation related to the 
amount of the residual waste and its lower heating value (LHV) for the territory covering 230 nodes. It was 
assumed, that there is a relation between amount of this waste produced and its lower heating value (an effect 
of sorting described later on). The analysis focused only on one type of the waste, which was residual solid 
waste (RSW). For the computational purposes, the energy conservation was assumed, i.e. the amount of the 
waste multiplied by LHV is equal to energy potential. This equality must remain valid within the territorial 
hierarchy (the sum of energy contributions of the lower territorial units is equal to the energy for higher territorial 
unit, which includes the lower ones). Despite of limited amount of input data, the practical considerations show 
that the obtained results provide information about the likely realistic state of the RSW production and LHV in 
all considered territorial units. This information represents the valuable inputs for the related supply chain 
optimisation models, e.g., for designing new waste management facilities. 
This article will at first describe the improvements of the mathematical model from Zavíralová et al. (2015) 
focusing on an appropriate setting of weights for individual territorial units. Another improvement is based on 
the support of possibility of adding new critical relations, which enable to link multiple types of waste (e.g. 
separated and residual). The next part of article will be devoted to forecasting of production of the waste applying 
the advanced model. In the last part of the article, there are results for the case study for residual municipal 
waste in the Czech Republic provided by the tool Justine. 

2. Development of Mathematical Model 

In this section there are elaborated areas of developed mathematical model, which are the major improvements 
of the tool Justine, introduced by Zavíralová et al. (2015). 
The first part of this section describes the weighting approach for individual input data and the process of dealing 
with heteroscedasticity of the data. The following approach is valid in general for any type of territorial unit and 
any type of the waste. 
With respect to the fact that territorial units have different area, population and thus different waste production, 
the estimated errors influence the objective function with various significance. For minimisation of the sum of 
square errors, this tool would give preferences to the reduced error in bigger territorial units, and so errors in 
smaller territorial units can increase. For this reason, it is necessary to design a system of weights for individual 
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errors in order to be able to minimise the impacts of these errors almost uniformly. Since there are errors for 
various data types, these calculations of weights must be performed for all of them.  
The goal in the weights construction process is to make all input data equally significant. Several approaches 
to solve this problem have been applied and related tests have been performed. The most suitable one was 
chosen by using the statistical regression where these weights were constructed in order to significantly reduce 
the heteroscedasticity of input data. In our case, this effect is achieved by using a square of weights in objective 
function for each territory and data type, where the weights are the inverse of average. By applying this 
procedure, the weights for all territorial units and particular data types look as follows: 

𝑤𝑖𝑡 = {

∑ 𝛿𝑡𝑑
𝑇 𝛿𝑖𝑑

𝐼𝐷
𝑑∈𝐷

∑ 𝛿𝑡𝑑
𝑇 𝑐𝑖𝑑𝑑∈𝐷

   for nonzero  ∑ 𝛿𝑡𝑑
𝑇 𝑐𝑖𝑑𝑑∈𝐷

0,                      for   ∑ 𝛿𝑡𝑑
𝑇 𝑐𝑖𝑑𝑑∈𝐷 = 0

  
(1) 

where the following notation is utilised in (1) and (2): 
sets and indices 
𝑖 ∈ 𝐼 index of territorial unit 
𝑑 ∈ 𝐷 index of particular data set 
t ∈ T index determining type of value 
𝑘 ∈ 𝐾 ⊂ 𝑇 index from subset of 𝑇 
𝑙 ∈ 𝐿 ⊂ 𝑇 index from subset of 𝑇 
parameters  
𝛿𝑖

𝐼2 {0,1} indicator of territorial unit, equals 1 if territory i is in use 
𝛿𝑖𝑑

𝐼𝐷 {0,1} indicator of data availability for territory 𝑖 and data set 𝑑  
𝛿𝑡𝑑

𝑇  {0,1} indicator of data set type, equals 1 if data set 𝑑 is of type 𝑡  
𝑐𝑖𝑑 two-dimensional parameter containing data for territory 𝑖 and data set 𝑑 
variables 
𝑚𝑖𝑡 value for territory 𝑖 and type 𝑡 

 
The following part of this section describes how several types of waste are combined into one calculation. In the 
waste management area there are strong interactions between different types of waste. Municipal solid waste 
(MSW) fractions can be a good example. Assuming constant production, the more of the waste is sorted and 
separately collected, the less remains in residual solid waste (RSW). Moreover, the hierarchy of types of waste 
may be used in this example. E.g. MSW produced is available as separately collected (SEP) and RSW therefore 
the following relationship holds for the amounts of specified waste 𝑀𝑆𝑊 = 𝑆𝐸𝑃 + 𝑅𝑆𝑊. SEP can be further 
divided into individual fractions, e.g. paper (PAP), plastic (PLA), glass (GLA), and others (OTH). Therefore the 
following equation is valid for related amounts of waste types  𝑆𝐸𝑃 = 𝑃𝐴𝑃 + 𝑃𝐿𝐴 + 𝐺𝐿𝐴 + 𝑂𝑇𝐻. For all of these 
waste types and related supersets and subsets, it is possible to forecast the waste production (see Section 3). 
In the mathematical model, these equations are described by the general Eq(2). 

𝛿𝑖
𝐼2 ∑ 𝑚𝑖𝑘 =𝑘∈𝐾 𝛿𝑖

𝐼2 ∑ 𝑚𝑖𝑙𝑙∈𝐿   (2) 

where sets K and L denote arbitrary (but meaningful) selected grouping of individual types of waste (e.g. paper, 
plastic, RSW, SEP components etc.). 

3. Trend Analysis - Forecasting 

There is a need to ensure appropriate quality of input data in order to obtain the output from the tool Justine 
which would represent a feasible input to the supply chain. This data may not be completely accurate (and 
dealing with this inaccuracy is a main benefit of tool Justine), but it is required that the collected data statistically 
well represent the uncertain real-world data for individual territorial units. This aspect can be usually relatively 
easily guaranteed for measured data (historical data). The situation becomes more complicated for the 
parameters that need to be forecasted. There are different approaches how to deal with this problem, having 
pros and cons related to the corresponding application. The main advantage of the tool Justine is its possibility 
to consider any number of the forecasting models for the computations, which is limited only by the time-
consumption of the calculation process. 
For smaller territorial units (county or municipalities), generally, there is a large variability in the historical data 
for the waste production. In combination with a short time series (data available for the Czech Republic is only 
for period 2009 - 2015, the reason is a change of processing methodology of historical data at 2009) there is a 
data fluctuation which restricts the possibility of application of a simple trend analysis by using common tools. 
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For this reason, it is advisable to correct the results of the detailed analysis carried out at lower territorial units 
(county) by aggregated data for higher territorial units (regions, the Czech Republic). 
Proposed methodology includes the following steps: 
 
• forecasting of individual types of waste (e.g. RSW) with respect to grouping of similar types of the waste 

(e.g. the SEP = paper + plastic) in all counties, 
• forecasting of the waste of certain code number subject to the group of codes for all regions, 
• forecasting of the waste of certain code subject to the group of codes for the Czech Republic, 
 
when ensuring the consistency between the forecasts at county, regions and the Czech Republic (sum of 

forecasts for county in the region is equal to the forecast based on the data for region; analogically for the Czech 

Republic). In general, links between forecasts for various groups can be illustrated by Figure 1, see territorial 

units and/or catalog numbers summaries indicated by symbols “”, and performance of trend analysis (see 

symbol ""). 

 

Figure 1: Diagram for considered forecasting approach  

These links are included in the optimisation tool Justine. Results of trend analysis at all levels of territorial units 

(MWEP, regions, the Czech Republic) are corrected in such a way that the condition of consistency in the 

forecasting results is satisfied (does not matter which method will be applied, the results must always be the 

same, see Figure 1 for visualisation). 
Already at the level of trend analysis, it is in general very difficult to define a unified extrapolation model which 

would accurately describe the situation in all counties, regions and the Czech Republic. Therefore given the 

nature of the data, there were two possible models considered for the production of all forecasted waste codes 

and their groups in 2024. Those considered models are as follows. For the trend (model 1 and 2 below) was 

considered a shifted power function, which is of the following form: 

𝑦 = 𝑎 + 𝑏𝑥𝑐 (1) 

where the coefficients a, b, c are based on the minimisation of the square deviations (difference between data 

and model - least squares method, LSM). The shape of the function is partly justified by exploratory data analysis 

showing that the linear growth over a long period is unrealistic. Models 1 and 2 differ in the order of execution 

of the forecast: 
• Model 1 (denoted ForOfSum) – at first, the geographical aggregation of waste production for the entire 

region, respectively for the Czech Republic is performed and subsequently the forecast on these data is 

conducted (symbolically „G, “). 
• Model 2 (denoted SumOfFor) – at first the forecasts are made individually for all counties, and then the sum 

is performed (symbolically „, G"). 
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4. Case Study - Production of RSW in the Czech Republic 

The aim of this study was to determine (forecast) the potential (the estimated production) of the waste, which 

would be suitable for waste-to-energy in the year 2024. During the estimation process it was necessary to handle 

the following steps: 
1) Historical data processing - elimination of dubious data, creation of time series for subsequent forecasts. 
2) Forecasting for waste type, codes and their groups considered (e.g., separately collected fractions and 

RSW). 
3) Finishing of computation with tool Justine in order to maintain all of required balance equations keeping 

the change of the data on its minimum. 
Resulting forecast of the production of the RSW for the Czech Republic is shown in Figure 2. From 

the graph it can be seen that the resulting prediction (obtained by using the tool Justine) is slightly 

above the input models. These models 1 and 2 (and computed trends) are based on the analysis of 

the time series - see Section 3. Shift of prediction to higher value has arisen due to the fact that the 

sum of the forecasts for input models for all territorial units (separate forecasts for each county) was 

higher than the forecast for the Czech Republic. 
 

 

Figure 2: Forecast of RSW production in the Czech Republic 

The resulting trend increases, respectively decreases, for each county, which represents the lowest level (the 
smallest territorial division), are shown in Figure 3. Results for most of county showed no significant change in 
the production. Despite the resulting overall decrease of production in the Czech Republic, there was an 
increase in production of RSW for 24 counties, when for 4 of them the increase was even over 10 % of the 
current production. 

 
Note: x denotes the percentage change of the production between 2013 (actual data) and 2024 (forecasted year) 

Figure 3: Trend analysis of RSW production in the Czech Republic with the focus on county 

5. Conclusion 

This article shows the approach for forecasting of future trends with an application in the waste management 
area. The main problem of the modeling in this field is an inconsistency with respect to the waste types and 
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territorial hierarchy. Another common problem is the availability of different multiple models for one type of waste 
in one specific location. The article introduces an advanced mathematical model and its improved elements. 
Tool Justine, which can integrate all available models for different types of the waste considering arbitrary 
hierarchy of territorial division, was enhanced. This tool suitably adjusts input models such that all the necessary 
balance equations are met while change of the input data was minimal. The focus is also put on the choice of 
weights for all forecasting models and territorial divisions of relevant regions. The support of new constraints 
that link multiple types of waste is included. 
Another common problem in this field is the lack of detailed data on the lowest level of the territorial division. 
However, for some applications this information is essential. Tool Justine is able to distribute the data from the 
higher territorial units to smaller ones while maintaining the properties of smaller territorial units. These 
properties can be detected based on the regression analysis or by using of incomplete data at lower level of 
hierarchical territorial distribution of the intended area. 
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